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Abstract
The study of factorization in the linearized gravity is extended to the graviton
scattering processes with a massive scalar particle, with a massless vector
boson and also with a graviton. Every transition amplitude is shown to be
completely factorized and the physical implications of their common factors
are discussed.
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Gravitational gauge invariance and graviton transversality force transition amplitudes
of four-body graviton interactions to be factorized. Yang-Mills theories [1] also exhibit a
similar factorization property.
In our previous work, we have shown that the transition amplitudes of ge→ γe [2] and
ge → ge [3] processes are completely factorized into a kinematical factor, a fermion-QED
Compton scattering form, and another gauge invariant term. In particular, the transition
amplitude of graviton scattering with a massive fermion reads
Mgf = −κ
2
2
F
[
(ǫ1 ·ǫ2) + (p1 ·ǫ1)(p2 ·ǫ2)
(p1 ·k1) +
(p2 ·ǫ1)(p1 ·ǫ2)
(p1 ·k2)
]
× u¯(p2)
[ 6ǫ2( 6p1+ 6k1 +m)6ǫ1
2(p1 ·k1) +
6ǫ1( 6p1+ 6k2 +m)6ǫ2
2(p1 ·k2)
]
u(p1), (1)
where all particles are assumed to be incoming, the ǫµ1ǫ
ν
1
(ǫµ2ǫ
ν
2
) and kµ1 (k
µ
2 ) are the wave tensor
and four-momentum of the initial(final) graviton, and p1(p2) is the four-momentum of the
initial(final) fermion, respectively. The coupling is denoted by κ =
√
32πGN and the overall
kinematical factor F is given by
F =
(p1 ·k1)(p1 ·k2)
(k1 ·k2) . (2)
The first bracket term in Eq. (1) is none other than the photon-scalar scattering amplitude
and the second one is the photon-fermion scattering amplitude.
In this paper, we extend the study of factorization in the linearized gravity to the graviton
scattering processes with a massive scalar, a massless vector boson, and a graviton itself.
Let us now introduce a manifestly gauge invariant four-vector ǫ˜i(i = 1, 2) defined as
ǫ˜i = ǫi − (p1 ·ǫi)
(p1 ·ki)ki. (3)
As a result, the expression of photon-scalar scattering amplitude is converted into a greatly
simplified form:
ǫ1 ·ǫ2 + (p1 ·ǫ1)(p2 ·ǫ2)
(p1 ·k1) +
(p2 ·ǫ1)(p1 ·ǫ2)
(p1 ·k2) = ǫ˜1 · ǫ˜2. (4)
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Along with this simplification, gravitational gauge invariance and graviton transversality
render the transition amplitude Mgs of graviton-scalar scattering and the transition am-
plitude Mgv of graviton scattering with a massless vector boson completely factorized and
simple:
Mgs = κ
2
2
F [ǫ˜1 · ǫ˜2]2 , (5)
and
Mgv = −κ
2
2
F [ǫ˜1 · ǫ˜2]
[
(ǫ˜1 · ǫ˜2)(ε˜1 ·ε˜2)+ (k1 ·k2)
{
(ǫ˜1 ·ε˜1)(ǫ˜2 ·ε˜2)
p1 ·k1 +
(ǫ˜1 ·ε˜2)(ǫ˜2 ·ε˜1)
p1 ·k2
}
+
1
p1 ·k2{(ǫ˜2 ·ε˜1)(p2 · ǫ˜1)(k2 ·ε˜2) + (ǫ˜1 ·ε˜2)(p2 · ǫ˜2)(k2 ·ε˜1)
−(ǫ˜2 ·ε˜2)(p2 · ǫ˜1)(k2 ·ε˜1)}+ 1
p1 ·k1 (ǫ˜1 ·ε˜1)(p2 · ǫ˜2)(k2 ·ε˜2)
]
, (6)
where p1(p2) and ε1(ε2) are the four-momentum and wave vector of the initial(final) massless
vector boson, respectively, and ε˜i(i = 1, 2) is defined in a gauge invariant form as
ε˜i = εi − (k1 ·εi)
(k1 ·pi)pi. (7)
The second bracket term of Eq. (6) corresponds to the transition amplitude of photon
scattering with a massless charged vector boson. Let us employ a symbol Mγv for the
amplitude. Likewise, the transition amplitude of graviton-graviton scattering [4] turns out
to be factorized as
Mgg = κ
2
2
F [Mγv]2 . (8)
Here p1(p2) and ε
µ
1ε
ν
1
(εµ2ε
ν
2
) are the four-momentum and wave tensor of another initial(final)
graviton, respectively. While the form of Eq. (4) is independent of the choice of ǫ˜i, the
photon-vector boson scattering amplitude Mγv can be changed if the ǫ˜i and ε˜i are defined
in a different way. Nevertheless, the transition amplitude Mgg satisfies Bose and crossing
symmetries. The completely symmetric expression of Mgg can be found in Ref. [4].
Several comments are in order.
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(a) The ǫ˜i and ε˜i are manifestly gauge invariant and so are all four-body transition am-
plitudes.
(b) The helicity amplitudes [5,6] for the graviton-scalar, graviton-photon, and graviton-
graviton scattering processes can be immediately obtained from our corresponding
factorized transition amplitudes.
(c) The expression [ǫ˜1 · ǫ˜2] always appears as a common factor in the graviton scattering
with matter fields such as a massive scalar, a massive fermion, and a massless vector
boson, while the Mγv is a common factor in the graviton scattering processes with a
massless vector boson and a graviton itself.
To conclude, every four-body graviton scattering amplitude is completely factorized and
the introduction of manifestly gauge invariant four-vectors ǫ˜i and ε˜i(i = 1, 2) renders the
amplitude very simple. These two simplifications justify why, with all the very complicated
three-graviton and four-graviton vertices [6,7], the final form of transition amplitudes is so
simple. The factorization property looks so generic that its more intensive and extensive
investigation is expected to provide us with some crucial clues for the unification of gravity
with other interactions.
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